NQzZ ANANTQ ZE EPOTHMATA NOY AMAITOYN MAPArQro

ENNOEITAI OTI

INQPIZQ TOYZ TYNOYZ TON MNAPATQroN KAI TOY2 KANONEZ NAPArQrizHz

1. Mou 6ivetat Lo cuvdptnon f n omoia £xeL 0TOV TUTIO TNG AYVWOTN TIOPAUETPO A KL LOU
Sivel bebopévo otL o onpeio M (a, B) avrikel otn ypadiki mapdotoon.
To M(a, B) avikel otn ypadikn mapdotaon onuaivel otL f(a) = B kot and autiv tnv oxéon

Bpiokw to A.

2. Mou Sivetat Tl n KamuAn tne f téuvel tov a€ova y'y oto onueio pe tetaypévn f KoL tov
dfova x'x o onpeio pe teTunUévn a
AUTO onpaivel Ot :

fO =8 ka f(a)=0

ATO auTa Ta SeSopEvVa UTTopW VAL Bpw KATIOLO AyVWOTH TTAPAUETPO A 0TOV TUTIO TN GUVAPTNONG.

3. Mou 6ivel yia pLa cuvdaptnon f to 6eSopévo otL

St )~ f@ _
m =

h—0 h

B

AT TOV 0pLOPO TNG TIAPAYWYOU, N TAPAdvw Lootnta onuaivel 0t f'(a) = B . Ano tv wdtnta
) ' I /] 1 ’ ’ ' ’
avuth, adoL Bpw tnv f'(X) KoL BEow OOV X TO o, PITOPW yLa TtapaSeLlypa va uttohoyiow Karmota

AYVWOoTN TAPAPETPO A oTov TUTO TN f.

4, Mou 6ivel yia pa ouvdaptnon f to 6edopévo otL

i L&D~ FG)
m =

h-0 h

9(x)
e ATO TOV 0PLOMO TNG TTAPAYWYOU, N TAPANAvVW Lootnta onpaivel ot f'(x) = g(x)
ATO TNV LOOTNTA QUTH UITOPW VAL ATTAVTOW LETA OTA CXETIKA EpWTHUATA.

5. Mou Intdet to opto lim,,_, %

e Jiyoupa Ba gival Tou TUMou %
e Qa ypaw:
«Napatnpw otL f(0) =0
JUpdwWva LE TOV OpLOUO TNG TTAPAYWYOU, TO TIOPOTAVW OPLO ELVaL N TTAPAYWYOS TG

ouvaptnong f oto 0»



e Yriohoyilw tv f'(x) cuudwva pe Toug Bactkolg TUTIOUG KOL TOUG KOWVOVEG TTAPAYWYLONG

KoL Uotepa B€tw omou x to 0. O aplBudGg ou PoKUTTEL eival To {nToUHEVO OpLo.

*** Mou {ntdel to opto lim,_,, %

® Ziyoupa Ba gival Tou TUTOU g
° Qa ypadw:
«ZUpbwva Pe TOV OPLOUO TNG APAYWYOU, TO TAPATIAVW OPLO Eival N TTaPAywWYyog TG cuvaptnong f oto a»
Yriohoyilw tnv f'(x) cupbwva pe Toug TUMOUG KAL TOUG KAVOVEG TWV TOPAYWYWV KoL UoTepa BE€TwW 6mou x To a. O aplBuog

TOU TIPOKUTITEL £ival To INTOUHEVO OpLO.

ZnTAEL yla Lo ouvaptnon napaywyiown cuvaptnon f éva oplo

limf(a +h)—f(a)
h—0 g(h)

1o omoio BAEnw eivat Ttng uopcbr']q%

MoAAamAaotalw Kal dlalpw Ue To h.

To kAdopa yivetat:

fla+h)—f(a) h
h g(h)

To npwto 6pto eivat n f'(a) mou yvwpilw amnd kamnola untdbeon r Ba Bpw e TOUG KAVOVES

TapaywyLonc.
To 6eUtEpO OpLO TOU Eivat TTAAL ;o umoAoyilw UE TEXVAoUATA UTIOAOYLOHOU 0piou A HE TOUC

KOVOVEG TTapOaywyLong

Mou Intdet tnv e§iowan Tng ebamnrtopévng ypadikng mapdotacng cuvaptnong f
OTO onueio g A(xo,f(xo)) n ( to i6to eival ) oto onpelo TNG pe TETUNUEVN X = X,
e Bplokw 1o f(x,))
e Edpappolw toug kavoveg mapaywylong kat Bpiokw tnv f'(x)
e Bpiokw tnv tn f'(x,)
¢ H e§iowon tng ebamropévng ou {ntdeL n doknon lvatl
Y =f(x) + (%) (x — %)
2% tpomog
H e€lowon tne¢ epamtopévng sivat
y=ax+p (1)
A=f"(x,) kar 7o onuelo A(x,,f(x,)) enainfedet v (1)

Me avtikatdotaon Bplokw katto B
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9.

10.

11.

12.

Mou Intdet tnv e§lowaon tng edbamropévng ypadikng mapaotaong ocuvaptnong f o€ eva
ONMELo TNG A e YyVWOoTH TNV TETAyUévn Y = Y,
e AUvw TtV €lowon f(x) = y, KoL Bpiokw tnv TETUNUEVN X, TOU onpeiou A (pia A
TLEPLOOOTEPEG)
e [la k&Oe pio amo Tig TLHES X, Ypadw tnv §lowon Tng e§lowan Tng epamrtopévng mou

{nteital cupdwWvA Le ToV TUTIO OTO 8

Mou {ntdet va Bpw tnv (A TI§ ) edamtopévn g ypadikng mapdotaong cuvdptnong f n
ormola epVAEL Ao CUYKEKPLEVO onpelo X(a, )

e [padw tnVv yevikn e€lowon tng edamtopevng :

y = f(x,) + f'(x)(x — x5)

AuTtd mou npéEmeL va Bpw elval To X,

e OL oUVTETAYUEVEG TOU X emaAnBelouv TNV e€lowaon TNG edpantouévng, dapa BETw Omou X to
a KL OTou y to f.
e MEveL AyvwoTo POVO TO X, KaL TO Bplokw

e Metd otnv e§lowon tng edparmrtopévng Balw Omou x, TNV TN 1 TIG TLLEG TToU BprKa.

Mou Intael tnv eiowon Tng edbamtopévng ypadlkng mapaotaong cuvaptnong f
n omola eivat mapdAAnAn pog yvwotn eubeia (€):y = Ax + 8

e Bpiokw tv f'(x)

e Abvw tnv e€iowon f'(x) = A adou n epartopévn gival mapdAAnAn otnv (&)

e Bprika mapandvw tnv Alon x, (A Tig Avoelg Jkat tnv tun f(x,)

e H etlowon tn¢ edpamropévng mou {NTAEL n Aoknon eival
Y =f(x) +Ax —x,)

Mou {ntdel tnv g€lowaon tng epamtopevng ypadikng mapdotaong cuvaptnong f
n omoia elvat K&Betn mpog yvwotn eubeia ():y =Ax+L,1+0

e Bpiokw tv f'(x)

e AUvw TtV e€iowon f'(x) = —% adou n edpartopévn eival kabetn otnv (&)

( auto Bswpeitan yvwotod anod tnv Oswpia tng A’ Aukeiou)

e Bprika mapamnavw tnv Avon x, ko tnv Tn f(x,)

¢ H etlowon tng edpamnrtopévng mou {NTAeL n doknon eival

1
yzf(xo)_i(x_xo)



13. Movu {ntaeL tnv e§lowon tng epantopevng ypadkng napaoctacng cuvaptnong f
n omolia oxnuartilel pe tov x'x ywvia a rad (umopet va Sivel kot poipeg)
e Bpiokw tnv f'(x)
e AUvw v e€lowon f'(x) = epa kawmpooéxw otL0 < a < 1
e Bplokw tnv T f(x,) ywa tnv Abon x,, tTng mopanavw e§iowong.

e H etlowon tn¢ edpamntopévng mou {NTAeL n acknon eival
y = f(xo) + o (x — x,)

14. Movu {ntaeL tnv e§lowon tng epantopevng ypadkng napaoctacng cuvaptnong f
n omola givat mapdAnAn nipog tov dfova x'x
Mpoooxf! Mrmopei va Aést «kdBetn otov dfova x'x» mou eivat To iSlo mpdypa
e Bpiokw tv f'(x)
e Abvw TNV e€iowon f'(x) = 0 adou n ebantopévn eival mapdAAnAn otov x'x
e Bprika mapamndavw tnv Avon x, ko tnv Tn f(x,)

e H etlowon tn¢ edpamnrtopévng mou {NTAEL N Aoknon elval
y=f(x)

15. Mou 6ivel Vo onueia A(a, f(a)) kat B(B, f(B)) kaiLTntdeL tnv e€lowaon TN epamtopévng
™G ypadlkAg mopdotacng mou eivat mapdAAnAn npog tnv eubeia AB

e Bpiokw Tov ouvteheot) A = %

e Bpiokw tnv f'(x)

e AUvw tnV e€lowon f'(x) = 1 adou n edparmrtopévn givat mapdAAnin otnv AB
e Bprika mapandvw tnv Abon x, kat tnv Tun f(x,)

¢ H etlowon t¢ edpamnrtopévng mou {NTAeL n doknon sival

y = fxo) + A(x — x,)

16. Mou {ntdel va anodeiw ot pia eubeia (€): ¥y = ax + B elval epamtopévn Tng KAUmUANG
pLag ocuvaptnong f
e Bpiokw tv f'(x)
e AUvw tnv e€iowon f'(x) = a
o [la kABe Auon x, Tou BPLoKw ATO TNV MOPATIAVW £§l0WON EAEYXW v TO onueio
M(xo,f(xo)) enaAnBevel tnv e§lowon tng (€). Edv vat, povo tote S€xopat tnv Aon nou

Bprka.

2°¢ tpbMoc KABE Popd TIOU £XW GUVAPTNON TIOAUWVULLKH 1) KAGOLLOL TIOAU WVU LKWV

4



e Mpadw tnVv e€lowon : f(x) =ax +

e Me amnaAoldr) mTopovoUOoTWY TNV LETATPETIW OE TIOAUWVU LK.

e AUVW TNV Mopamavw e§iowon kKat Bplokw OTL £xel SUTAR pila x,

e To onueio x, eivat to onueio emadnig. MNa va kavw enainBevon Bpiokw TNV ebamtopévn

NG KAUMUANG oto A(xo,f(xo)) . BAénw ot tautiletat pe vy = ax + S.

Mou {ntdet va Bpw ta onueia TopAg tng epamtopévng tng Cr oto onpeio A(x,, f(x,))
HUE TouG Aoveg x'x, ¥'y kal PETA Kot oAU BaoLKA EpwTpaTa.
e Sxnuatilw tnv e§iowon tng ebamtopévng: vy = f(x,) + f'(x,)(x — x,)
Mo va ouveyioet n doknon oiyoupa Ba eival f'(x,) # 0 aA\uwg eivat mapdAnAn otov
dafova x'x .
e O¢tw Omou x 1o 0. Bpiokw y = f(x,) — f'(x,)x, . To onueio Topng ue tov y'y givat
B(0, f(xo) = f'(x0)%,)
e Oétw omou y 10 0. Bpiokw 0 = f(x,) — f'(x0)(x — xp) .
Elval e€lowon 1°° BaBpol pe dyvwoto To X.

FO) o fe)  Fxe) + £ ()%,
[ D ZTeS SRR ZTe

1) (x = x,) = f(x) ©x —xp =
To onpeio TopAc pe tov x'x elval

r (f(xo) + [ (x0)%, ‘0)

f'(x0)

Aev gival avaykn vo BupdpaLtoug Tumoug, aAlda tnv Stadikaciol!!

BAXIKO EPQTHMA 1.
Mou {ntaeLto epuBadov tou tplywvou OB mou opiletal amo Toug AEOVEC Kal TNV
edantopévn oto A. (ESETAZEIZ 2019, n cuvaptnon eixe mapAapetpo A)

O tumog elvat:

amapaitnta
T andéivta

(0B)(©O) _ Tygllxrl

(0BI) = ~— z

BAXIKO EPQTHMA 2.
Mou IntdeL TNV EAAXLOTN amooTacn TG apXNS TwV afovwy amno tnv epantopévn oto A.
o Exw BpeLnén to (OBI')
e H gAdylotn andotoon tng apxng O amd tnv edparntopévn oto A eivat To pRKog tou UPoug
OA tou tpywvou OBI'

e Bpiokw to pAkog tou BI' pe to NMuBayodpelo Oswpnua:

BI'* = yj +xf =Bl = /y,§+x§



e Tunog: (OBIN) = —(BF)Z(OA)

M'vwotad elval to epPado kat To pnkog Tou BIT, dpa pe anAn enilvuon Bplokw To pnikog 0A.
Eav B€Ael kamolog va Bupdtal Tov TUMo , QUTOC elval :

lysllxrl

/yé + xf

(04) =

BAXIKO EPQTHMA 3.
Mou Intdel va Bpw TLG CUVTETAYUEVEC TOU ohpeiou 4 mavw othv edamtopévn and 1o A
Tou eival mAnaoléotepo otnv apyn O.

e To onueio auto eival to ixvog 4 tou LYoug 04 .

) ) y = f(xo) +f,(xo)(x —%,) (1)
e [Na va Bpw 10 4 Ba AUow TO cUoTNUA: y=— f’(;xo)x @)
AvtikaBilotw to y amo tnv (2) otnv (1)
Bpiokw pe amin e€lowon 1°° Babuol 1o x.

Metd avtikablotw o x otnv (2) yla va Bpw to y

Ta U0 televutaio EpWTAMATO LITOPOVHE VoL Tot AUGOULE Kot e TV HEO0SO TtpoBAaTOG
elayiotou pe mivaka povotoviag thg anooctaong tuxaiov ocnueiov (x, g(x)) anod tnv

apxn O.

H anoéotoon sivat ( ané tnv'A’ Aukeiov Bswpeitan yvwoTtog Tumog)

d(x) = [x*+ g*(x)

ESw n ocuvaptnon g eival n cuvaptnon tng epantopévng oto A

g(x) = f(xo) + f’(xo)(x - xo)

18. Mou {ntdel o pubUO peTafolrig cuvaptnong f we mPog TN LETABANTA X OTNV TIUA X,.
e Bpiokw tv f'(x)
e Yriohoyi{w tv twun ' (x,)
e Mpadw: 0 pubUOC LeTABOANG TNG CUVAPTNONG WG TTPOG X OTO X, elvat f'(x,) kat Bdloupe
Simha mavra tnv povada pétpnong tng f(x) mpog tn povada peTpnong tou x ( ya

napddelypa m? /sec)
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19. Mou {ntadel to pubuod petaBolrig cuvaptnong f wg mPog tn LETABANTH X OTNV TR OTAV N
TN TNG cUVAPTNONG ElvaL y,
e Mpwta twpa AUvw tnv e€iowan f(x) = y, kot Bpiokw AVon x,
e Bpiokw tnv f'(x)
e Yriohoyiw tnv tn £ (x,)
e Mpadw: 0 pubUAG peTaPOARG TNG CUVAPTNONG WG TTPOG X OTO X, ival f'(x,) kat BAlwdima
navta tnv povada pétpnong tng f (x) mpog tn povada peTpnong tou X ( yla mopadetypa

m?/sec)

***¥Eqv dev Slvetal o TUTIOC TNC CUVAPTNONG, TTPEMEL Ao Ta SeSopéva Tou TpoPfAnpaToc va Bpw To

péyeBog ¥y wg ouvdaptnon f(x) Tou x wote PeTd va Bpw to pubpo PETABOARG TOU Y WG TPOG X

20. Mou IntdeL 1o oplakd KOOTOG TAPAYWYNG X, LOVASWVY TTPOioVTOG.
e Bpiokw tnv mapaywyo C'(x) tng ouvdptnong KOoToug
e Yroloyilw tv T C'(x,)

e To oplakd k6otog sivat C' (x,) ypnuatikés uovades avd povada mpoidvrog

21. Mou biveLtnv B€on x(t) evog onueiou mou Kiveitatl euBLypappa. Qg xpovog, eivat t = 0
i. Mou {ntdeL tnv péon taxvtnta oto didotnua xpovou [a, B]
Anavtnon

x(B)—x(a)
B-a

H péon tayutnta ‘oto Staotnua ival to KAdouo: U =
ii. Mou {ntaeL TNV TaXUTNTA OE L0 XPOVLKN OTIYUN t,,

Amnavtnon

H taxutnta tn Xpovikni otyun t, elvat n mapaywyog tng x(t) oto t,, dnAadn

u(to) = x' (o)

ili. Mou {ntdeL tnv emtdyuvon a(t,) o€ pLo XPOVIKNA oTyun ¢,
Amndvtnon
e Edv 6ivetal n ocuvdaptnon Béong x(t), n emtdyuvon tn XPOVIKN oTyun t, eivat n Seutepn
napaywyog tng x(t) otot,
a(t,) = x" (o).
AnAadn napaywyilw {ovad thv mpwTh MapAywyo

Map&detype:  x(t) =nut  v(t) = x'(t) = ovvt  a(t) = x"(t) = (ovvt) = —nut



e Edv Sivetal n cuvdptnon tng Taxvtntag v(t), n €MLTdyxuvon tn XPOoVIKA otyun t, lvatn

pWTN mapaywyog tng v(t) oto t,

a(to) = v,(to)

iv. Mou InTdeL tnVv oTypn KaL tnv B€on mou to onpelo sival akivnto
Anavtnon
e Inueio akivnto onpaivel OtL €xel pndevikn taxvtnta dnAadn Avvw tnv eiowon v(t) =0
kal Bpiokw tn Avon ¢,

e H otwyun elvaw n t, kat n B€on eivar to x(t,)

v. Mou {ntdeL tote To onuelo Kwveital mpog tnv BTk kKateVBUVON KAl TTOTE TPOG TNV
opvnTLkA KatevBuvan.
Andavinon
e Novw tnyv e€lowon x'(t) = 0

e Kavw Ttov mivaka mpooruou tng mapaywyou x'(t) Kat ag movpe ot eivat

t 0 5 8 +o0

x'(t) + 0. -0 +

To onuelo Kiveital mpog tnv. BTk KoteLBUVON ota Slacthpata Twy (+)

To onuelo Kveitol mpog TV apvntiki katevBuveon ota Stacthpata Twy (-)

vi. Mou I{ntdel Tn cUVOALKA amdotacn mou €xet SLovUOEL TO oNPEio £wG ¢ TTOUE TN XPOVLKNA
otyun 10 sec
Anavtnon
Mpé€neL va €xw \dN Tov MapamAvw TivoKa yLa va TPooB£0w owaoTA KAl VA ONELWOW TNV

TEALKNA XPOVLIKA OTLYUNA

t 0 5 8 10 +oo

x'(t) + 0 -0 +

H ouvoAikn anootacon eival To ABpoLoUa TWV ANMOAUTWV TIUWV TWV LETOTONMICEWY oTa
SLaoTAMATA TIOU KLIVELTOL TIPOG T BETIKA KOL TIPOG T OPVNTIKAL.

Ma mapddelypa: pe Bacn and Tov mponyoUevo Tivaka Ba ypaw

310 [0, 5] ékave andotaon S; = x(5) — x(0) (mpog ta 5e8Ld)

310 [5, 8] ékave andotaon S, = |x(8) — x(5)| ( mpog ta apiotepd)

ge andAvto
yix va fyet Oetikd



210 [8, 10] ékave anootaon S; = x(10) — x(8) (mpog ta Se€id)
Metd npoobétw:

Sor = S1 + S, + S5 (povadeg pnkoug)



